The energetic exclusive two-body nonleptonic decays of B mesons are investigated in the framework of the relativistic quark model within the factorization approximation. The heavy quark expansion is used for the calculation of form factors. The obtained results are in agrement with available experimental data. PACS number(s): 13.25.Hw, 12.39.Ki
INTRODUCTION
The investigation of exclusive nonleptonic decays of B mesons represents an important and complicated theoretical problem. In contrast to the exclusive semileptonic decays, where the weak current matrix elements between meson states are involved, nonleptonic decays require the evaluation of hadronic matrix elements of the local four-quark operators. To simplify the analysis it is usually assumed that the matrix element of the current-current weak interaction factorizes into the product of two single current matrix elements. Thus the problem reduces to the calculation of the meson form factors, parametrizing the hadronic matrix elements of weak currents as in the case of semileptonic decays, and the meson decay constants, describing leptonic decays [1] . This makes the factorization hypothesis to be a very appealing assumption. However, strong interaction effects, such as final state interactions, the rescattering of the final hadrons etc., can violate this approximation [1, 2] . There are also some problems with the different renormalization point dependence of the initial and factorized amplitudes [3, 4] . Thus factorization can not be considered as a universal approach to nonleptonic decays.
There were several theoretical developments which can help to justify the factorization for certain nonleptonic decays of heavy mesons. It has been shown in ref. [5] that factorization holds in the limit of large number of colours N c in QCD. The leading 1/N c corrections to this limit have also been considered. Moreover intuitive arguments justifying factorization for the energetic nonleptonic decays were given by Bjorken [6] on the basis of the so-called colour transparency. In these decays the final hadrons are produced in the form of point-like colour-singlet objects with a large relative momentum. And thus the hadronization of the decay products occurs after they are too far away for strongly interacting with each other, providing the possibility to avoid final state interactions. Dugan and Grinstein [3] discussed the factorization hypothesis within the heavy quark effective theory. They proved that factorization holds for the decays of a heavy B meson into a heavy D meson and a light meson, where the light quarks, which hadronize into a light meson, are highly energetic and collinear. Therefore we have a good theoretical background to expect that factorization can be applied to the consideration of energetic nonleptonic decays of B mesons.
In this paper we calculate the branching ratios of the exclusive energetic nonleptonic decays of B mesons in the framework of the relativistic quark model on the basis of factorization. The heavy-to-heavy hadronic form factors, appearing in the factorized amplitudes, are constrained by the heavy quark effective theory (HQET) [7] . Our model explicitly satisfies all these constraints and allows the determination of the corrections in the inverse powers of the heavy quark masses up to the second order [8] . In the quoted paper we have determined the Isgur-Wise function and the subleading form factors in the hole kinematical range accessible in B → D transitions. We shall use these functions here to evolve B → D transition form factors from the point of zero recoil of the final D meson to the values of q 2 ≈ m 2 f , where m f is a mass of the final light meson. The form factors of the heavy-to-light transitions have been calculated in our model at the point of maximum recoil of the final light meson using the expansion in inverse powers of the heavy b quark mass from the initial B meson and in inverse powers of the large (∼ m b /2) recoil momentum of the final light meson [9] . We have also determined the q 2 dependence of the form factors near this kinematical point. Thus we can calculate the heavy-tolight form factors which are necessary for the determination of energetic nonleptonic decay amplitudes. This combination of the methods of heavy quark expansion and the relativistic quark model increases the reliability of our predictions. The comparison of the results with the available experimental data will be the test of factorization.
The paper is organized as follows. In Sec. 2 we present the expressions for nonleptonic decay amplitudes in the factorization approximation. The relativistic quark model is described in Sec. 3. In Sec. 4 the heavy-to-heavy transition form factors are discussed. The heavy-to-light transition form factors are presented in Sec. 5. Section 6 contain our results for the branching ratios of energetic nonleptonic B decays and their discussion.
Our conclusions are given in Sec. 7.
NONLEPTONIC DECAY AMPLITUDES AND FAC-TORIZATION
In the standard model B decays are described by the effective Hamiltonian, obtained by integrating out the heavy W -boson and top quark and applying the operator product expansion. For the case of b → c, u transitions,
where V ij are the corresponding Cabibbo-Kobayashi-Maskawa (CKM) matrix elements. The Wilson coefficients c 1,2 (µ) are evaluated perturbatively at the W scale and then they are evolved down to the renormalization scale µ ≈ m b by the renormalizationgroup equations. The ellipsis denotes the penguin operators, which Wilson coefficients are numerically much smaller then c 1,2 [10] . The local four-quark operators O 1 and O 2 are given by
where the rotated antiquark fields arẽ
and for the hadronic current the following notation is used
The factorization approach to two-body nonleptonic decays
2 ) implies that the decay amplitude can be approximated by the product of one-particle matrix elements:
where
N c is the number of colors (N c = 3).
In the general case, the renormalization point (µ) dependence of the product of current operator matrix elements does not cancel the µ dependence of a i (µ) or c i (µ) [3, 4] . Thus non-factorizable contributions to (4) must be present in order to make the physical amplitudes independent from the renormalization scale µ. However, as it is shown in [3] , in the case of the production of an energetic light meson or meson resonance it is posible to justify the factorization approximation and the right-hand side of (4) is scale-independent. Thus we limit our analysis of nonleptonic decays to consideration of decays with at least one energetic meson in the final state (such as B → D ( * ) π(ρ) and B → π(ρ)π(ρ)). Before proceeding further, let us additionally note that in writing eq. (4) we discarded the contribution of the colour-octet currents which emerge after the Fierz transformation of colour singlet operators (2) . Clearly these currents violate factorization since they cannot provide transitions to the vacuum state. We also neglected the so-called Wexchange and annihilation diagrams. In the limit M W → ∞ they are connected by the Fierz transformation and are doubly suppressed by the kinematic factor of order (m
and then dynamicly by the decreasing form factor F Dπ (q 2 = m 2 B ) with F Dπ (0) = 1 (see ref. [5] for details).
The coefficients (5) have been calculated at µ ≈ m b in the leading logarithmic approximation [11] as well as beyond the leading logarithmic approximation [4] . The result of ref. [4] is a 1 = 1.01 ± 0.02 and a 2 = 0.20 ± 0.05,
which is close to the result of fitting experimental data [12] a 1 = 1.03 ± 0.04 ± 0.06 and a 2 = 0.23 ± 0.01 ± 0.01.
However the a 2 prediction (6) is renormalization scheme dependent [4] . The matrix element of the current J between the vacuum and final pseudoscalar (P ) or vector (V ) meson states is parametrized by the decay constants f P,V
The matrix elements of the weak current J between meson states have the covariant decomposition [1] :
where q = p − p ′ and e is a polarization vector of the vector meson. The form factor A 3 (q 2 ) is the linear combination
and in order to cancel the poles at q 2 = 0, it is necessary to require
We calculate the corresponding form factors in the framework of the relativistic quark model.
RELATIVISTIC QUARK MODEL
In the quasipotential approach a meson is described by the wave function of the bound quark-antiquark state, which satisfies the quasipotential equation [13] of the Schrödinger type [14] 
where the relativistic reduced mass is
and
Here m a,b are quark masses; M is the meson mass and p is the relative momentum of quarks. While constructing the kernel of this equation V (p, q; M) -the quasipotential of quark-antiquark interaction -we have assumed that the effective interaction is the sum of the one-gluon exchange term with the mixture of long-range vector and scalar linear confining potentials. We have also assumed that the vector confining potential contains the Pauli interaction. The quasipotential is defined by [15] :
where α S is the QCD coupling constant, D µν is the gluon propagator; γ µ and u(p) are the Dirac matrices and spinors and k = p − q. The effective long-range vector vertex is given by
where κ is the Pauli interaction constant. Vector and scalar confining potentials in the nonrelativistic limit reduce to
reproducing
where ε is the mixing coefficient. The explicit expression for the quasipotential with the account of relativistic corrections of order v 2 /c 2 can be found in ref. [15] . All the parameters of our model like quark masses, parameters of linear confining potential A and B, mixing coefficient ε and anomalous chromomagnetic quark moment κ were fixed from the analysis of meson masses [15] and radiative decays [16] . The quark masses m b = 4.88 GeV; m c = 1.55 GeV; m s = 0.50 GeV; m u,d = 0.33 GeV and parameters of the linear potential A = 0.18 GeV 2 and B = −0.30 GeV have standard values for quark models. The value of the mixing coefficient of vector and scalar confining potentials ε = −1 has been chosen from the consideration of the heavy quark expansion [8] and meson radiative decays [16] , which are very sensitive to the Lorentz-structure of the confining potential: the resulting leading relativistic corrections coming from vector and scalar potentials have opposite signs for the radiative M1-decays [16] . Finally the universal Pauli interaction constant κ = −1 has been fixed from the analysis of the fine splitting of heavy quarkonia 3 P J -states [15] . The meson wave functions in the rest frame have been calculated by numerical solution of the quasipotential equation (14) [17] . However, it is more convenient to use analytical expressions for meson wave functions. The examination of numerical results for the ground state wave functions of mesons containing at least one light quark has shown that they can be well approximated in the meson rest frame by the Gaussian functions
with the deviation less than 5%. The parameters are
The matrix element of the local current J between bound states in the quasipotential method has the form [18] 
where This relation is valid for the general structure of the current J µ =Q ′ G µ Q, where G µ can be an arbitrary combination of Dirac matrices. The contributions to Γ come from Figs. 1(a) and 1(b) . Note that the contribution Γ (2) is the consequence of the projection onto the positive-energy states. The form of the relativistic corrections resulting from the vertex function Γ (2) is explicitly dependent on the Lorentz-structure of qq-interaction. The general structure of the current matrix element (21) 
(1) permits to perform one of these integrations. As a result the contribution of Γ (1) to the current matrix element has the usual structure and can be calculated without any expansion, if the wave functions of initial and final meson are known. The situation with the contribution of Γ (2) is different. Here instead of the δ-function we have a complicated structure, containing the potential of the qqinteraction in a meson. Thus, in general case, we cannot perform one of the integrations in the contribution of Γ (2) to the matrix element (21) . Therefore, it is necessary to use some additional considerations. The main idea is to expand the vertex function Γ (2) in such a way that it will be possible to use the quasipotential equation (14) in order to perform one of the integrations in the current matrix element (21) . The realization of such expansion differs for the cases of heavy-to-heavy (B → D ( * ) ) and heavy-to-light (B → π(ρ)) transitions.
B → D ( * )

DECAY FORM FACTORS
In the case of the heavy-to-heavy (B → D ( * ) ) meson decays we have two natural expansion parameters, which are the heavy quark masses (m b and m c ) in the initial and final meson. The most convenient point for the expansion of vertex function Γ (2) in inverse powers of the heavy quark masses is the point of zero recoil of the final D meson, where ∆ = 0 (∆ = p B − p D ( * ) ). It is easy to see that Γ (2) contributes to the current matrix element at first order of the 1/m Q expansion. We limit our analysis to the consideration of the terms up to the second order. After the expansion we perform the integrations in the contribution of Γ (2) to the decay matrix element. As a result we get the expression for the current matrix element, which contains the ordinary mean values between meson wave functions and can be easily calculated numerically. The results of such calculation are given in comparison with the predictions of HQET [7] in [8] . Our model satisfies all the constraints imposed on the form factors by heavy quark symmetries and allows the determination of the Isgur-Wise and subleading form factors [8] .
The q 2 dependence of form factors at leading order of the 1/m Q expansion is given by
The Isgur-Wise function in our model is
with the slope parameter ρ 2 ≃ 1.02, which is in accordance with the recent CLEO II measurement [12] ρ 2 = 1.01 ± 0.15 ± 0.09. At the first order of the 1/m Q expansion four additional independent form factors arise in HQET [7] . We have determined these subleading form factors in the framework of our model [8] 
where the HQET parameterΛ = M − m Q in our model is equal to the mean value of the light quark energy in the heavy mesonΛ = ε q ≃ 0.54 GeV. We have also calculated the second order power corrections at the point of zero recoil of the final meson [8] . The obtained structure of the second order corrections is in accord with predictions of HQET [19] . As a result we got the values of the B → D ( * ) transition form factors at q 2 = q 2 max up to the second order terms. The higher order terms of the 1/m Q expansion are negligibly small. However, for the consideration of the energetic nonleptonic decays of B mesons we need the form factor values at q 2 = m 2 f ≈ 0 (f = π, ρ . . . is a final light particle). Thus it is necessary to evolve the form factors from q 2 max to q 2 ≈ 0. The corresponding w range is not very wide (from 1 to ∼ 1.6). For such w values the form factors are dominated by the Isgur-Wise function [20] . Some small contributions may arise from subleading form factors. The higher order terms give very small corrections [20] . Therefore we combine the universal Isgur-Wise q 2 dependence of form factors (22) with the subleading symmetry breaking corrections (24) . The resulting form factor w dependence is shown in Figs. 2,3 .
The values of form factors at q 2 = 0 are 
B → π(ρ) DECAY FORM FACTORS
In the case of heavy-to-light decays the final meson contains only light quarks (u, d).
Thus, in contrast to the heavy-to-heavy transitions, we cannot expand matrix elements in inverse powers of the final quark mass. The expansion of Γ (2) only in inverse powers of the initial heavy quark mass at ∆ = 0 does not solve the problem. However, the final light meson has the large recoil momentum, in comparison with its mass, almost in the whole kinematical range. At the point of maximum recoil of the final light meson the large value of recoil momentum |∆ max | ∼ m b /2 allows for the expansion of decay matrix element in 1/m b . The contributions to this expansion come both from the inverse powers of heavy m b from the initial B meson and from inverse powers of the recoil momentum |∆ max | of the final light π(ρ) meson. In ref. [9] we carried out this expansion up to the second order and performed one of the integrations in the current matrix element (21) using the quasipotential equation as in the case of a heavy final meson. As a result we again get the expression for the current matrix element, which contains only the ordinary mean values between meson wave functions, but in this case at the point of maximum recoil of the final light meson.
The found values of B → π(ρ) form factors at the point of maximum recoil (q 2 = 0) are
The q 2 behaviour of the heavy-to-light form factors near |∆ max | (corresponding to q 2 = 0) is given by [9] 
where we have introduced the function [9] ξ(w) = 2
,Λ ≈ 0.53 GeV. Equation (32) reduces to the Isgur-Wise function (23) in the limit of infinitely heavy quarks in the initial and final mesons.
It is important to note that the form factors A 1 and F 0 in (29), (28) have a different q 2 dependence than the other form factors (27) , (30), (31). In quark models one usually assumes a pole [21] or exponential [22] q 2 behaviour for all form factors. However, the recent QCD sum rule analysis indicates that the form factor A 1 has a q 2 dependence which is different from other form factors [23, 24, 25] .
The extrapolation of the q 2 dependence (28)- (31) to all values of q 2 (or w), accessible in B → π(ρ) transitions, introduces rather large uncertainties, because w varies in a broad kinematical range (from 1 to ∼ 19 in B → π and from 1 to ∼ 3.5 in B → ρ). However, the w values for B → π(ρ) form factors which are really necessary for the consideration of energetic nonleptonic decays are limited to a rather small interval near w max (q 2 = 0). Thus, the application of formulas (28)- (31) 
RESULTS AND DISCUSSION
In the factorization approximation one can distinguish three classes of B meson nonleptonic decays (see We see that our results for the 'class I' nonleptonic B → D ( * ) π(ρ) decays are close to the improved BSW model predictions [26] , while our results for the 'class II' and a 2 contributions to 'class III' decays are smaller than those of [26] . These contributions come from B → π(ρ) transition form factors, which have a different q 2 behaviour in our and the BSW models. The BSW model assumes universal q 2 dependence of all B → π(ρ) form factors. As already mentioned in our model we find the A 1 and F 0 form factors to have a different q 2 dependence than that of the other form factors (see (28)- (31) and Figs. 4,5 ). The form factor F 0 in our model decreases with the growing of q 2 (decreasing of w) in the kinematical range of interest for energetic nonleptonic decays (see Fig. 4 ). Note that our value for B → π form factors at q 2 = 0 is approximately 1.5 times less than that of BSW, while the values for B → ρ form factors are close in both models.
Our predictions for the branching ratios of B → D ( * ) M nonleptonic decays presented in Table 1 agree with experimental data within errors. Thus we can conclude that factorization works rather well for 'class I' and 'class III' decays B → D ( * ) π(ρ). However, an improvement of experimental accuracy is needed to make a definite conclusion. It will be very interesting to measure the 'class II' decayB 0 → D ( * )0 π(ρ) 0 branching ratios. Such measurement will be the test of factorization for 'class II' nonleptonic decays and will help to constrain the w (or q 2 ) dependence of B → π(ρ) form factors. We also present in Table 1 the predictions 
s nonleptonic decays, where only heavy mesons are present in the final state. The factorization is less justified for such decays. However, as we see from Table 1 our predictions, based on the factorization, are consistent with the experimental data for these decays too.
For the branching ratios of B → π(ρ)M nonleptonic decays presented in Table 2 there are only experimental upper limits at present. The measurement of these decays will allow the determination of the CKM matrix element |V ub |, which is poorly studied. The closest experimental upper limit to the theoretical predictions is for the decayB
It is approximately two times larger than our prediction and is very close to the result of [27] . 
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From this upper limit on B(B 0 → π + π − ) we get the limit on |V ub | in our model
which is close to the value previously found from semileptonic B → π(ρ)lν decays [9] :
CONCLUSIONS
In this paper we have calculated the branching ratios of the energetic exclusive nonleptonic decays of B mesons on the basis of the factorization approximation. In particular the form factors of B → D ( * ) and B → π(ρ) transitions have been evaluated using the relativistic quark model and the heavy quark expansion. Such expansion has been carried out up to the second order in the heavy quark masses. Finally the momentum dependence of leading and subleading terms of this expansion has been used for the determination of the heavy-to-heavy transition form factors at q 2 = m
The overall agreement of our predictions for two-body nonleptonic decays of B mesons with the existing experimental data [29, 30] shows that the factorization approximation works sufficiently well in the framework of our model. From another side, if the factorization hypothesis is taken for granted, the aforementioned agreement confirms the selfconsistency of our approach, which incorporates our previously obtained results for semileptonic and leptonic decays of heavy mesons. In particular it would be quite intersting to test the specific q 2 behaviour of the heavy-to-light transition form factors F 0 and A 1 predicted by our model. Another important problem is the determination of the coefficients a 1 and a 2 via c 1 and c 2 directly from QCD. As it has been discussed already in Sec. 2 their values found in ref. [4] are close to those obtained from fitting experimental data, though one should mention that c 2 is rather unstable with respect to the renormalization scheme and scale. Nevertheless that means from our point of view that the factorization hypothesis for energetic B meson decays has more or less firm grounds within QCD, at least for the 'class I' decays.
The situation is essentially different for D meson nonleptonic decays. In this case the best fit to the experimental data yields a 1 = 1.26 ± 0.10 and a 2 = −0.51 ± 0.10 [4, 12] . Meanwhile QCD predicts [4] (the instability of the coefficient here is even stronger) c 1 = 1.31 ± 0.19 and c 2 = −0.50 ± 0.30, which can only be consistent with the result of fitting data if one drops the 1/N c terms in eq. (5) and puts a 1 ≃ c 1 and a 2 ≃ c 2 . Clearly, such an assumption would give a completely wrong result for B decays, namely a negative sign of a 2 , which is ruled out by the experimental data. This result could indicate that the factorization approach in D decays is insufficient and non-factorizable contributions there are large. In other words the D meson is possibly not heavy enough compared to the B meson. The results of refs. [3] seem to point in the same direction.
The successful description of nonleptonic two-body decays of B mesons makes the present approach appealing for the further consideration of B s,c meson decays. Work in this direction is in progress. 
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